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Abstract: This paper deals with the use of some stochastic algorithms for
solving the problem of global optimization of nonlinear regression models.
The algorithms were applied to estimating the parameters of eight nonlinear
regression models taken from the Nonlinear Least Squares Datasets of the
National Institute of Standards and Technology. The experiments showed
that the stochastic algorithms under consideration provide more reliable re-
sults as compared with programs built into well-known statistical packages.
The results obtained with the individual stochastic algorithms were compared
and the revealed differences are briefly discussed.

1 Introduction

Least square estimation of parameters in non-linear regression models is the
problem of finding the global minimum. The global optimization problem is
usually defined as follows: For a given objective function f : D → R, D ⊂
Rd, the point x∗ is to be found such that x∗ = arg minx∈D f(x). The point
x∗ is called the global minimum and D is a searching space. In practice the
searching space D is often connected, defined as D =

∏d
i=1 < ai, bi >, ai < bi,

i = 1, 2, . . . , d, and the objective function is computable, i.e. there is an
algorithm capable to evaluate f(x) with sufficient accuracy at any point x ∈
D. The objective function may be multimodal. It is known that this problem
cannot be effectively solved by deterministic algorithms in general, for details
see e.g. [2]. But in last decades it was found that there are stochastic
algorithms which are relatively successful in searching for the global minimum
(or maximum) of complicated objective functions.

Ideas of combining different heuristics when searching for the global op-
timum appeared in the last decade, see e.g. [6, 3]. In this paper we deal also
with algorithms based on the competition of different stochastic heuristics,
the probability of the selection of a given heuristics in the current step be-
ing proportional to its successfulness in preceding steps. We hope that this
is the way how to develop the algorithms searching for the global extreme
with high self-adaptation and a low number of input parameters which have
to be set by user. It promises that such a kind of algorithms will be useful
in the statistical procedures where the global optimization of a potentially
multimodal objective function is needed, standard local optimizers are not
reliable enough and specialized algorithms are not available.
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2 Nonlinear regression models for testing

The models taken from the Nonlinear Least Squares Datasets of the National
Institute of Standards and Technology are listed in Table 1.

Table 1: List of regression models

Dataset name Model d n R2

Bennett5 β1(β2 + x)−1/β3 3 154 0.99998939

BoxBOD β1(1− exp(−β2x)) 2 6 0.88046777

Eckerle4 β1
β2

exp(−(x−β3)
2

2β2
2

) 3 35 0.99706429

MGH09 β1(x
2+β2x)

x2+β3x+β4
4 11 0.99405700

MGH10 β1 exp( β2
x+β3

) 3 16 0.99999988

Rat42 β1
1+exp(β2−β3x) 3 9 0.99826670

Rat43 β1
(1+exp(β2−β3x))1/β4

4 15 0.99183768

Thurber β1+β2x+β3x2+β4x3

1+β5x+β6x2+β7x3 7 37 0.99950790

The columns d, n and R2 of Table 1 show the number of parameters, the
number of observations and the index of determination, respectively. Ad-
ditional information including source of data, starting values of parameters,
certified values of parameters and the corresponding standard deviations are
also summarized in [8].

All the models represent optimization tasks of higher level of difficulty.
The tasks are not easy for standard algorithms, see [4]. Our results when
several statistical packages were used are shown in Table 2. We used sev-
eral standard packages for least squares estimation of parameters, namely
NCSS 2001, where Levenberg-Marquardt algorithm is used, S-PLUS 4.5
using Gauss-Newton (GN) algorithm, SPSS 10.0 with modified Levenberg-
Marquardt algorithm and SYSTAT 8.0 where both a modified GN algorithm
and the simplex method are implemented.

Identification of the tasks is the same as in N.I.S.T Datasets. Both vari-
ants of starting values of estimates recommended in [8] were used for all
tasks and packages. The results for the first set of starting values are in
the columns 1, for the second set of starting values in the columns 2. The
result marked ”OK” in Table 2 means that agreement in sum of residuals
squares is at least in four digits, ”F” stands for failure (no solution found
or the algorithm stopped at local minimum) and numerical data mean the
level of agreement with certified value in [8] giving the number of identical
valid digits. We see in Table 2 that no package was completely successful in
spite of the fact that the recommended starting values are very near to the
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certified values of estimates.

Table 2: Reliability of statistical packages

NCSS SYST GN SYST S S-Plus SPSS

Task 1 2 1 2 1 2 1 2 1 2

Bennett5 2 1 OK OK F F OK OK OK OK

BoxBOD F F OK OK F F OK OK F OK

Eckerle4 F 3 OK OK F F F OK OK OK

MGH09 F F F OK OK OK F 2 OK OK

MGH10 F F OK OK F OK F OK F F

Rat42 OK OK OK OK F F F OK OK OK

Rat43 F 3 OK OK F F F OK OK OK

Thurber F F OK OK OK OK F F F F

3 Stochastic algorithms

Five stochastic algorithms were applied to estimate the parameters in the
tasks mentioned above. Four of them (marked CRS, MCRS, ALT and
COMP1 in the text) are a generalization of controlled random search, which
is described as follows:

Algorithm 1. Generalized controlled random search

generate P (population of N points in D at random);
find xworst (the point P with the highest value of objective function);
repeat

apply a heuristic to generate a new trial point y ∈ D
if f(y) < f(xworst) then

xworst := y;
find xworst;

endif
until stopping condition is true;

The CRS (Controlled Random Search) algorithm was originally proposed
by W. L. Price [7]. It starts from the population P of N (d << N) points
chosen arbitrarily from the searching space D. At each iteration d+1 points
x1,x2, . . . ,xd+1 are taken at random from P forming a simplex S in d - space.
The new trial point y is defined as the point obtained by reflection of the
point xH with respect to the centroid g of remaining d points, i. e.

y = 2g − xH , (1)
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where xH is the point with the highest objective function value in the sim-
plex S.

When using the MCRS (Modified Controlled Random Search) algorithm
[5], the new trial point y is generated from the simplex S by the relation

y = g − Y (xH − g). (2)

The multiplication factor Y is not constant like in [7] but a random variable.
In this implementation we used Y distributed uniformly in 〈0, α) with α = 2.
Thus the mean value EY = 1 and for the mean value (2) gives (1).

ALT and COMP1 algorithms do not use only one heuristic for generat-
ing a new trial point y but they choose among several ones. The heuristic
in generalized controlled random search is any non-deterministic rule which
gives a new point y ∈ D. Let us say that we have h heuristics at disposal. In
both ALT and COMP1 a heuristic is chosen at random with the probability
qi, i = 1, 2, . . . , h. In the ALT procedure the probabilities qi are constant and
the same through searching process (qi = 1/h). In the COMP1 procedure
the probabilities are changing according to the successfulnes of heuristics in
preceding steps of the searching process. The strategy used here is based on
simply counting the number of successful insertions of new trial points, ni,

qi =
ni + n0∑h

j=1(nj + n0)
,

where n0 > 0 is a constant. Setting n0 > 1 prevents a dramatic change in
qi by one random successful use of the i-th heuristics. In order to avoid the
degeneration of the evolutionary process the current values of qi are reset to
their starting values (qi = 1/h) when any probability qi decreases bellow a
lower limit δ. We applied eleven heuristics in the implementation:

• four heuristics based on randomized reflection in the simplex [5],
• four heuristics coming from differential evolution [9],
• two heuristics derived from evolutionary strategy (see e.g. [2]),
• uniform random search.

The list of the eleven heuristics and setting their parameters is given in
[10, 11]. The values of additional parameters used in the experiments were
δ = 0.02 and n0 = 2.

The DER (differential evolution) algorithm [9], unlike CRS and MCRS,
attempts to replace all N points of the population by new points at each
generation. For each point xi, i = 1, 2, . . . , N , a new trial point yi is found
from two parents, the point xi and the point ui obtained by using mutation.
In order to determine the mutant point ui it is necessary to select randomly
three distinct points xp1,xp2 and xp3 from P (not coinciding with the current
xi) and to add the weighted difference of any two points of them to the third
point, which can be described as

ui = xp1 + F (xp2 − xp3), (3)
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where F > 1 is a scaling factor. Generating the point ui according to (3)
is called rand strategy in evolutionary-algorithms community. Finally, the
components yij of trial point yi is found from its parents xi and ui using the
following crossover rule:

yij =

{
uij if Rj ≤ C or j = Ii

xij if Rj > C and j 6= Ii,

where Ii is a randomly chosen integer from {1, 2, . . . , d}, Rj ∈ (0, 1) taken at
random for each j, and C ∈ 〈0, 1〉 is a constant. The input parameters of the
DER algorithm are the population size N , scaling factor F and the parameter
C influencing the number of elements to be exchanged by crossover. The
values of parameters used in the experiments were F = 0.5 and C = 0.5.

Table 3: Searching spaces
b1 b2 b3 b4 b5 b6 b7

Bennett5 min -5000 0 0.1
max -1000 500 10

BoxBOD min 1 0.1
max 1000 2

Eckerle4 min 0 1 400
max 10 10 500

MGH09 min 0 0 0 0.01
max 100 100 100 100

MGH10 min 0 0 0
max 100 1e+6 1e+5

Rat42 min 0 0 0
max 1000 10 1

Rat43 min 0 0 0 0.1
max 1000 100 1 10

Thurber min 0 0 0 0 0 0 0
max 1e+4 5000 5000 1000 10 10 10

4 Experimental results

All the algorithms were implemented in Matlab. Common input parameters
for all the five stochastic algorithms were set as follows:

• Population size N = 10 d where d is the number of regression parame-
ters

• Stopping condition was based on the difference in the R2 between the
best and the worst points in population, the process was stopped when
the difference was less then 1× 10−12 or when the number of objective
function evaluations exceeds 40000 d.
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• The searching space D was also the same for all the algorithms, the
settings of D for the tasks are given in Table 3.

One hundred of independent runs were carried out for all tasks and algo-
rithms. The number of objective function evaluations (NE) and the success
in finding a point very near to the global minimum were the most substan-
tial variables evaluated in each run. The run was considered successful if
the agreement of residual sum of squares was at least to four digits with the
certified value in [8]. The reliability R was measured by the percentage of the

Table 4: Overall results

CRS MCRS DER

Task R NE vc R NE vc R NE vc

Bennett5 100 45352 33.6 100 54807 32.97 0

BoxBOD 100 1091 18.4 100 737 7.3 100 2507 7.2

Eckerle4 100 3381 4.7 100 1420 4.8 100 3911 5.0

MGH09 100 13102 7.3 100 8549 16.2 27 133644 15.3

MGH10 100 24415 4.6 100 23523 15.0 0

Rat42 100 3374 4.9 100 1468 5.5 99 9792 8.0

Rat43 100 6289 3.3 100 1996 6.0 100 23762 5.6

Thurber 95 26447 2.6 74 9161 19.9 0

ALT COMP1

Task R NE vc R NE vc

Bennett5 24 78645 37.7 88 78281 39.7

BoxBOD 100 1300 8.5 100 1131 9.0

Eckerle4 100 2358 5.8 100 2033 5.7

MGH09 100 21311 14.5 100 13562 12.7

MGH10 100 70928 3.5 100 41765 6.6

Rat42 100 3495 6.6 100 2734 7.6

Rat43 100 5708 5.6 100 3567 6.4

Thurber 74 22122 6.8 73 12569 10.8

successful runs, the convergence rate was measured by the average number
of objective function evaluations NE. The averages of function evaluation
NE and standard deviations s were computed only from the successful runs.
The overall results for all the stochastic algorithms are shown in Table 4.
The variability of NE expressed as the variation coefficient (100 s / NE) is
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given in the columns marked vc. The mean CPU time needed for one ob-
jective function evaluation varied from 2 to 4 milliseconds on standard PC
(667 MHz). depending on the task and algorithm. The algorithms are sig-
nificantly different both in reliability and convergence rate. With respect to
reliability the algorithms are ordered in decreasing sequence: CRS, MCRS,
COMP1, ALT, DER. The DER algorithm completely failed in three tasks
when no successful search occurred. The convergence rate is substantially
worse than in the case of other algorithms for remaining tasks. The average
NEs which are not significantly different by Scheffe’s multiple comparisons
are underlined in Table 4.

When we drop the DER algorithm and compare the convergence rate of
the remaining algorithms on the the tasks where they were completely suc-
cessful (Bennett5 and Thurber excluded), the fastest algorithm is MCRS with
average rank 1.08, followed by COMP1 (average rank 2.50), CRS (average
rank 2.83) and ALT (average rank 2.58). The ranks of underlined values was
replaced with their average ranks.

5 Conclusions

The stochastic algorithms CRS, MCRS, DER, ALT and COMP1 were ap-
plied to optimizing eight nonlinear regression models of higher level of dif-
ficulty. The algorithms proved to be generally more reliable as compared
with commercial algorithms built in standard statistical packages but rather
time-consuming. The CRS algorithm showed to be the most reliable while
the MCRS was the fastest among the tested algorithms. The DER algorithm
completely failed when optimizing three of the tested models, which is sur-
prising with respect to the very good reputation of differential evolution, see
also [1]. The bad convergence rate of the DER algorithm used in the exper-
iments is perhaps due to its sensitivity to parameter setting, namely to the
size of population. The algorithm with competing heuristics (COMP1) did
not meet our expectations; it is not adaptive enough when solving difficult
optimization tasks. Our experimental results indicate the validity of the no
free lunch theorem [12] claiming that there is no stochastic algorithm which
generally outperforms the others.
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